The equivalence problem between the Faddeev equation and the usual triad of three-body Lippmann-Schwinger (LS) equations (LS triad) is re-investigated. We maintain that the LS triad does not qualify as an integral equation since its integral kernel is not uniquely defined. We give a derivation of the LS triad that is truely equivalent to the Faddeev equation (FE-LS triad) in a manner in which the correspondence to the Faddeev equation is apparent. The relation between the Faddeev components and the solution of the FE-LS triad is clarified. By probing this relation, we derive an identity that is satisfied by the solution of the LS triad, and which corresponds to the projection property of adjoint M~lier operators as formulated by Sandhas. We find that this identity is a consequence of more fundamental identities satisfied by the Faddeev components. We conclude that although the usual LS triad is a valid relation satisfied by the solution of the FE-LS triad, it is not truly equivalent to the Faddeev equation. In particular, even in the absence of rearrangement channels, we find it necessary to retain the FE-LS triad. § 1. Introduction
In the theory of three-body scattering, the triad of one inhomogeneous and two homogeneous Lippmann-Schwinger (LS) equations is introduced by GlOckle 1 ) to circumvent the non-uniqueness difficulty of a single three-body LS equation.
)
It has been shown that this LS triad can be derived from the Faddeev equation,3),4) and that it results naturally from the M(>ller operator approach of many-body scattering theory exploited by Sandhas.
Furthermore, it has been claimed that the Faddeev equation can be derived from the LS triad. 3 ),4) These facts have been considered to establish the LS triad as the three-body equation equivalent to the Faddeev equation. Nevertheless, as explained below and in the following sections, there exists a reasonable ground to doubt this equivalence assertion, and hence we shall call it Conjecture A in this paper.
Let us consider the scattering of a bound pair of particles 2 and 3 off particle 1 under the Hermitian model Hamiltonian,
Here Ho is the kinetic energy operator and Ui is the two-body potential between particles j and k (i, j, k=l, 2, 3 cyclic). The potentials are assumed to be shortranged and sufficiently regular. The LS triad for this system with the initial twofragment state tPl(E) is given by (i=l, 2, 3)
(1'2)
where we have introduced the notation Le=lime-o+. In Eq. (1·2),
is the interaction not contained in the channel Hamiltonian Hi=Ho+ Ui, and
is the Green function in channel i. Equation (1· 2) is a set of three equations for i =1,2 and 3 for a single solution @l<+) (E) . The qualification of Eq. (1·2) as an integral equation depends essentially on the property of its integral kerneL But, what is the integral kernel of Eq. (1· 2)? To find out, it is necessary to express the equation in a matrix form, but we see immediately that there is no unique way to do so. For example, it can be written as But, it can also be expressed as or as
G1U2
o G:JU2
and many other ways. It is clear that Eq. (1·2) does not qualify as an integral equation since its kernel is not uniquely defined!! This fact alone is sufficient to make us dubious of Conjecture A. This non-uniqueness of the integral kernel is a characteristic defect of Eq. (1·2), and causes the total ambiguity of its connectivity property as stressed i~ Ref. 6 ). Equation (1·2), without specifying its kernel, cannot possibly be equivalent to the Faddeev equation. In § 3, we explain that Eq. (1·5) is the correct three-body equation equivalent to the Faddeev equation, having a unique solution. This is because its kernel has the same structure as the Faddeev kernel. In particular, it becomes fully connected after one iteration. In contradistinction, the kernels of Eqs. (1· 6) and-(1· 7) contain disconnected diagrams no matter how many times they are iterated. There is no guarantee that the solutions of these latter equations are unique, if they have solutions at all. In this paper, we investigate what is involved in Conjecture A, and whether and how we can justify it. Our discussion will be based upon the fundamental definition of the three-body scattering state <PI(+)(E) given by the following set of equations:
Here, the total Green function is denoted by G(z)=I/(z-H) with z=E+ic and the initial two-fragment state by fJI. In § 2, we supply the background of the problem by pointing out exactly where the difficulty of Eq. (1· 2) comes from. We show that <PI (+) must fulfill a necessary condition (an identity) in order for it to satisfy the LS triad. This identity is seen to be the same as the one given by the M011er operator approach of Sandhas 5 ) as the projection property of adjoint M011er operators. In § 3, we give a derivation of the LS triad that is truly equivalent to the Faddeev equation (FE-LS triad) in a manner in which the correspondence to the Faddeev equation is apparent. In § 4, we present detailed discussion on the relation between the Faddeev equation and the total wave function. By doing so, we derive important identities satisfied by the Faddeev components. From these, we show that <PI(+)(E) in fact satisfies the identity obtained in § 2. Our derivation of this identity is based on the Faddeev equation and the FE-LS triad, and therefore it is given independent of the M011er operator approach. In § 5, we discus-s the problem of mutual derivability among the LS triad, and what is the correct LS equation to be used in the absence of RC. A summary and concluding remarks are given in § 6. § 2. The requirement for <PI(+) to satisfy the LS triad Starting from Eq. (1·9), let us derive an identity necessary for <PI(+)(E) to satisfy the LS triad. Using the resolvent relation for i = 1, 2 and 3 in Eq. (1· 9b), we find the following three equations:
<PI(E+ ie)= ieGi(E+ ie)fJI + G;(E+ ie) Ui<pI(E+ie) .
(2·1) This kind ofreplacementrequires a special care.
B )
For Eq. (2-6) to be a valid relation satisfied by the three-body scattering state CP1(+)(E), there must be a particular requirement (an identity) for CP1(+)(E). By simply writing down the single LS equation Eq. (1-8) and the usual LS triad Eq. (1-2), we cannot expect @1(+) to fulfill this requirement. To find out how this requirement for CP1(+)(E) should be expressed, we use the resolvent relation
for Gi(E+ i€) in the second term on the RHS of Eq. (2-3) to rewrite it to
For the €-limit of the first term on the RHS, we use Eq. (1-9a When the single LS equation (1· 8) and also the usual LS triad Eq. (1· 2) are introduced, they are written down with no consideration to the above requirement. In fact, as we shall discuss, the necessary condition Eq. (2·11) cannot be expected to be fulfilled by Eqs. (1· 2) and (1· 8) taken as integral equations as they stand. This is why we must make a clear distinction between @1(+) and the true three-body solution CP1(+) of the Faddeev equation. As a consequence, Eq. (1·8) finds the well-known non-uniqueness problem, and the integral kernel of Eq. (1· 2) turns out to be not unique. As we shall see, Eq. (1·2) can have the same solution as CP1(+)(E) only when it is expressed as Eq. (1·5). It is unfortunate that, except in Ref. 6) , not the slightest attention has been paid to the above fact. § 
The Faddeevequation and the FE-LS triad
In this section, we re-derive the Faddeev equation and the FE-LS triad in § 3.1 and § 3.2, respectively. In either case, we derive them first for energy off the real energy axis, i.e., for E+i€ (€=f=O), and then the limit of €--70+ of these equations are taken to define the solutions directIyon the real energy axis. This way, the equivalence between the FE-LS triad and the Faddeev equation becomes transparent. In § 3.2, we also discuss the usual LS triad as a consequence of the FE-LS triad.
The Faddeev equation
From here on, the real part of the energy, E, in the wave function will be suppressed. We begin with the Faddeev decomposition of G(z) that is given by 9) 3
The physical interpretation of these equations is obvious and needs no elucidation. where we have defined
Because of Eq. (2·4), Eq. (3·4) becomes in the limit of €->O+
wnere we have defined (3·7)
Equation (3·6) represents the Faddeev decomposition of q,l(+) into the Faddeev components Xl(i).
Substituting Eq. (3·3) into Eq. (3·5), we obtain for i=l, 2 and 3
Taking the limit of €->O+ of Eq. (3·8), we find the Faddeev equation,
where we have used the Lippmann identity, Eq. (2·4). Furthermore, in the second term on the RHS of Eq. (3·9), we have replaced the single €-limit by the double €-limit (which is implicit), (3 ·10) For this replacement to be justified, Xl(i) must satisfy the following identity:
That this requirement is necessary can be seen easily by the manipulation similar to the one used to derive Eq. (2·11). Later in § 4, we show that the solution of Eq. (3·9) actually satisfies this identity. Equation (3·9) defines Xl(i) directly on the real energy axis. The substitution of a single €-limit by a double €-limit on its RHS is justified also by the fact that Eq. (3·9) is assured to produce the same unique solution as the €->O limit of Eq. (3·8) by the celebrated work of Faddeev. 9 ) Equation (3·9) can be put in the following matrix form:
Xl (3) 0 Xl (3) (3·12) where the integral kernel F is given by
and is called the Faddeev kernal. With F, the kernel of Eq. (3 ·12) becomes connected after one iteration. It is shown by Faddeev that after the fourth iteration, the kernel F 5 becomes compact so that Eq. (3·9) can be solved for a unique solution without iteration.
The FE-LS triad

Now, we rewrite Eq. (3·8) to derive the FE-LS triad for E+ i€ (€=FO). Using the resolvent relation
Gi(E+ i€)= Go(E+ i€)+ Go(E+ i€) UiG;(E+ i€) ,
we find from Eq. (3·8)
where we have defined By using Eq. (3·15) for X1(jl(€) on the RHS of this equation, we find
As evident from the above derivation, Eqs. (3·8) and (3 ·16) are equivalent as long as €=FO. The important link between these equations is Eq. (3·15). In fact, we can converse the process to derive Eq. (3·8) from Eq. (3 ·16) by means of Eq. (3 ·15).
Defining CP1 (i) by (3 ·17) and letting €->O+in Eq. (3·16), we find the FE-LS triad:
where we have used Eq. (2·4) for the first term on the RHS. Here again, the single €-iimit in the second term on the RHS of Eq. (3·16) is replaced by the double €-limit implicit on the RHS of Eq; (3 ·18), so that CP1 (i) (i = 1, 2, 3) are defined qirectly on the ,·real energy axis. As in Eq. (3·11), we can show that this replacement can be justified if the following identity holds:
This can be recognized as Eq. (2 ·11 
whose integral kernel is of the same structure as the Faddeev kernel of Eq. (3'13). The only difference is that its potential matrix is a transpose of the one in F. Therefore, the compactness proof of this kernel after a number of iterations should be 
Since we have we can write The important link between XI(i)(e) and ¢l(i)(e) is Eq. (3·15). With Eqs. (3·22) and (3·23), we would expect the following relation to hold between X/i) and ¢l(i) also:
This is the relation often quoted in the derivation of the LS triad from the Faddeev equation.1),3),4) Equation (4 ·1) would be justified if the single e-limit in Eq. (3·15) can be replaced by the double e-limit implicit in Eq. (4 ·1). Since it is not at all evident that this replacement is permitted, let us derive Eq. (4 ·1) from the Faddeev equation, Eq. (3·9). By doing so, we shall find Eq. (3·11) as well as other useful identities to be satisfied by XI(i). 
For Gi(E + ie) Ui on the RHS of Eq. (3·9), we can write
Gi(E+ie)Ui=Go(E+ie)Ui[l-G;(E+ie)Ui] = Go(E+ ie) Ui{l +[Gi(E+ ie') + G;(E+ ie)i(e' -e)Gi(E+ ie')] Ui} . (4·2) Substituting Eq. (4·2) into Eq. (3·9), we find + L,l-ie)Go(E+ ie) UiGi(E+ ie)(XI(i L rpl~i,l) . Using Eqs. (3·6) and (3·26) on the RHS of this equation, we obtain
XI(i)=LeGo(E+ ie) Ui¢l(+)
+Ri=Le( -ie)[Gi(E+ ie)-Go(E+ ie)](XI(iL f/J18d , =8 i ,
1f/JI-Le(ie)[Gi(E+ ie)-Go(E+ ie)]XI(i) .
(4°8)
This must satisfy Eq. (4 0 7). Now, we have
and
(E-Ho)Le(ie)[Gi(E+ ie)-Go(E+ ie)]XI(i) = L/ie){[ Gi-I(E+ ie)+ Ui-ie]Gi(E+ ie)-[Go-1(E+ ie) -ie] Go(E+ ie)}Xl(i) = Le{ieUiGi(E + ie)-(ie)2[Gi(E+ ie)-Go(E+ ie)]}XI(i)
provided that the order of (E-Ho) and the e-limit can be interchanged. (The term with (ie)2 becomes zero in the limit of e--->O.) Hence, we find
Since this must be zero as required by Eq. (4°7), we find the identity Eq. (3°11) that must be satisfied by Xl(i), i.e., 
Using this relation, Eq. (4°8) becomes
Ri=LeieGo(E+ie)XI(i) .
(4°12)
As we have stated below Eq. (4°7), Ri must be equal to zero. Therefore, we find the second identity that must hold for Xl (i):
Next, let us see how we can relate Eq. (3 0 9) directly to Eq. (2°5) by means of Eq. (4°1). Substituting Eq. (4°1) for XIU) on the RHS of Eq. (3 0 9), we find
On the Triad of Three-Body Lippmann-Schwinger Equations
Using the following resolvent relation 
Gi(E+ ie)= Go(E+ ie') + Gi(E+ ie)[ Ui+ i(e' -e)]Go(E+ ie') ,
Mutual derivability among the usual LS triad
How do we to understand the mutual derivability among the LS triad of Eq. (2'5)?
For the sake of discussion, let us converse the treatment given in Ref. 3 
GI(E+ ig)= GI(E+ ig') + i(g' -g)GI(E+ ig)GI(E+ ig')
to reduce Eq. (5·4) to the following form:
In the g'-limits in (5·6b) and (5·6c), we use Eq. (5·1) to write L e ,= GI(E+ ig') Ulcpl(+l= CPI(+L,pI, so that Eq. (5·6) becomes CPI(+l=,p1 + LeGz(E+ ig) Ulcpl(+l
+ LeGz(E+ ig)( UI-Uz)( CPI(+L ,pI)
+ Le( -ig)Gz(E+ ig)( UI-Uz)GI(E+ ig)( CPI(+L ,pI) .
(5·7a) (5·7b)
For the term involving ,pI in (5·7c), we use the following identity that is valid for any c,
This term cancels the term with ,pI in (5·7b), and hence Eq. (5·7) reduces to (5·ga) (5·9b) where we have used U I + UI-Uz=(Uz+ U3)+ UI-U?= U3+ UI= U Z in (5·9a), and Eq. (5·3) in (5·9b). This is where the identity Eq. (4·22) plays a crucial role. Because of this identity, (5·9b) becomes equal to -<PI, which cancels the first term in (5·9a).
Therefore, we obtain Eq. (5·2) with i=2. A similar treatment for channel 3 yields Eq. (5·2) with i=3. This confirms the mutual derivability of three members of Eq.
(2·5).
Can we claim the same mutual derivability among the usual LS triad of Eq. (1· 2) in a manner similar to the above? Apparently, the answer is no, unless the kernel of Eq. (1·2) is chosen to be that of Eq. (1·5) so that (11(+) becomes equal to qJj(+). For, otherwise, it is not possible to establish an identity similar to Eq. (4·22) for (11(+) .
The fact that Eq. (5·2) can be derived from Eq. (5·1) does not mean that the solution of Eq. (5 ·1) satisfies Eq. (5·2) automatically, and that Eq. (5 ·1) alone is sufficient to describe the three-body scattering completely, with or without RC. This simply cannot be true. The point is that the crucial relation Eq. (4·22), that is based upon the Faddeev equation and the FE-LS triad, has to be utilized to derive Eq. (5·2) from Eq. (5 ·1) (and vice versa). In other words, Eqs. (5 ·1) and (5·2) are mutually derivable because they constitute Eq. (3·29), i.e., because they really are the members of the FE-LS triad, Eq. (3·18).
The case with no rearrangement channels
The appreciation of the above fact is particularly important for the discussion of It has also been conjectured that Eq. (1·8) alone can yield a unique solution in the absence of RC. This mayor may not be true. In view of the lack of a direct proof or disproof of the compactness of the kernel of Eq. (1·8) in this case, we cannot comment on that. However, one thing is clear. Because of the term 5 1 ,2 in Eq. (5·10), the solution @/+) of Eq. (1·8) must be different from the solution of the FE-LS triad, and hence it cannot be the true three-body scattering solution. We may attribute this deficiency of the solution of Eq. (1· 8) to the lack of breakup components present in the second and third members of Eq. (2·5). For example, consider the case when there is a sharp resonance possible in U2. Such a situation cannot possibly be described by Eq. (1· 8) with the Green function in channelL We therefore conclude again that even in the absence of RC, the FE-LS triad must be retained.
Derivation of the Faddeev equation
As the last point to be clarified, let us find out whether or not we can derive the In § 1, we have pointed out that Eq. (1·2) does not qualify as an integral equation because its kernel is not defined uniquely. Although it succeeds to avoid the nonuniqueness due to an arbitrary admixture of rearrangement channels, it acquires the new difficulty associated with this feature. In § 2, we have pointed out that the condition Eq. (2 '11) (with @I(+) in place of (h(+» is necessary for the replacement of the single €-limit on the RHS of Eq. (2·3) by a double €-limit implicit on the RHS of Eqs. (1· 2) and (1' 8) . We have pointed out that, for this replacement to be valid, @I(+) must be identified with (h(+) as has been discussed in § 4.
In § 3, a derivation of the FE-LS triad In § 5.1, we have showed that the mutual derivability holds among the members of Eq. (3·29). We emphasize that the same cannot be claimed for Eq. (1·2). The identity (4·22) as well as the usual LS triad (1· 2) certainly follows from the M~ller operator approach.
)
However, the argument presented in § 5.1 clearly shows that this fact §hould not be misconstrued to surmise that Eq. 
Now we know why. The usual LS triad is not qualified as an integral equation because its kernel is not uniquely defined. The LS triad that is truly equivalent to the Faddeev equation is the FE-LS triad of Eq. (3·18) (or Eq. (3·29)). We cannot invoke the Mst>l1er operator approach 5 ) to sustain Conjecture A. Although the approach certainly leads to the usual LS triad, it cannot derive the FE-LS triad. The distinction between Eqs. (2·5) and (3·29) is in fact the major issue in this paper. It involves more than just to say that we understand Eq. (2·5) to imply Eq. (3·29). When we talk about the equivalence of Eq. (2·5) to the Faddeev equation, we are concerned with its qualification as an integral equation. As pointed out in Ref 6) , for a three-body equation to be sound as an integral equation, it must at least have a built-in algorithm to guarantee the connectivity of its kernel. Obviously, Eq. (2·5) fails to comply withthis requirement. The three-body LS equation has to be expressed as the FE-LS triad with or with RC. As we find in this paper, this distinction between Eqs. (2·5) and (3·29) is significant and has important consequences on our way of understanding the three-body problem.
